The analytical solution of the transient mass diffusion equation in prolate spherical coordinates by considering constant transport coefficient and convective boundary conditions is presented. The solution is obtained by the variables separation method. The formal solution is applied to predict the average moisture content and moisture content distribution of a prolate spherical solid (ellipsoid of revolution) during the drying process. Analytical results are compared with numerical results that are reported in the literature and good agreement was obtained.
INTRODUCTION
The formal solution of the diffusion equation has been obtained from various boundary conditions with constant or variable diffusion coefficient, in homogeneous or heterogeneous and isotropic or anysotropic bodies, and in steady or unsteady cases. The partial differential equation for non steady-state mass diffusion has been solved to mass transfer in bodies with single geometry, like plates, cylinders and spheres (Luikov, 1968; Skelland, 1974 and Crank, 1992 ). Norminton's and Blackwell's (1964) , Haji-Sheikh's & Sparrow (1966) , Alassar's (1999) and Limass et al. (1999) works can be cited, for example, to complex geometry and constant boundary conditions. Norminton & Blackwell (1964) present an analytical solution to predict the heat flow in the half-space around of an isothermal thin circular disk. Haji-Sheikh & Sparrow (1966) gave an analytical solution to the heat transfer equation in a prolate spheroid body with constant temperature at the surface, using an elliptical coordinate system in two-dimensional cases, but the results of the temperature in the center and focal point are given alone. Lima et al. (1999) , presented an analytical solution to predict the mass transfer inside a prolate spheroid. They considered constant properties and equilibrium boundary conditions at the solid surface. As application, results of the moisture content distribution inside of solid as well as of the average moisture content for an aspect ratio is presented.
The objective of this work is to develop an analytical solution to describe the moisture transport in a continuous medium, by utilizing the prolate spheroid coordinate system in twodimensional cases, considering convective boundary conditions at the surface of the solid.
MATHEMATICAL MODEL
This mass diffusion equation in the short form is given by:
where D is the diffusion coefficient, M is the moisture content and t is the time.
Depending on the geometrical form of the body, a coordinate system, adequate to describe the domain in study, must be selected. In the specific case of ellipsoid of revolution, the adequate one is the prolate spherical system. The relations between the cartesian (x, y, z) and the prolate spherical ( , , ) co-ordinate systems are given by Haji-Sheikh & Sparrow (1966) :
where L is the focal length equal to (L 2 2 -L 1 2 ) 1/2 . An ellipsoid of revolution scheme is shown in Figure  1 . Defining =cosh , =cos and = cos , the metrics coefficient and the Laplacian to the new coordinate system can be obtained using the mathematical relations which are given by Abramowitz & Stegun (1972) . Utilizing the metrics coefficients, the variables , and and the differentiation's rules, the mass diffusion equation can be written: . The surfaces constants are a prolate spheroids confocal family and they have their common center at the origin. The degenerate surface =1 is the curve that links the center (z=0) to the focal point (z=L). The surface = o (constant), o <1, is an asymptotic cone whose two sheets hyperboloid of revolution generating by line passes through the origin and it is inclined at the angle =cos -1 to the z-axis. The degenerate surface =1 is part of the axis z>L.
The initial and boundary conditions of equation (4) are:
where f =L 2 /L at the surface of the solid, h m is the mass transfer coefficient and M e is the equilibrium moisture content.
Using the separation of variables solution method we can write M( , ,t)= ( , ) (t). The solution of the equation (4) is then, (Haji-Sheikh and Sparrow, 1966) :
where c is constant. Assuming that the diffusion coefficient is constant and applying the Equation (6) to Equation 
In Equations (9) and (10) The technique utilized in the Equation (14) to determine the b n coefficients is called continued fraction technique (Stratton et al., 1941; Stratton et al., 1956 ). This technique has been used to determine the eigenvalues to c 8.0. When c 10.0, the eigenvalues are obtained through an asymptotic expansion. The asymptotic development of b n is given by the successive approximations method, as follows: A convergent series for d n,m can be obtained to a discrete set of values of the eigenvalues b n . There are two sets of finite solutions, one for even values of n, the other for odd values. The lowest value of b n corresponds to n=0, the next to n=2, (Morse & Feshbach, 1953) , so, the set that corresponds to even value of n was used in this work. The values of the coefficients d n,m are different, depending on the normalization adopted scheme. The utilized criterion by the authors is presented below: 
for r=0,2,... and n=0,2,... .
The Equation (17) together with the Equations (16) or (12), allows the complete determination of the coefficients d n,m . The index n is into all the cases 0. We have P n ( )=0 For n<0 indicating that the series really begin at n=0.
The condition that restricts the values of the b n in the differential equations is reflected in Equation (12) as a requirement that the ratio of the coefficients d n,m /d n-2,m 0, when n (Stratton et al.,1956) . Observing that the coefficients c, b and d, they must be obtained and satisfy the Equation The coefficients A mk are obtained from the orthogonal conditions. Substituting the initial condition Equation (5a) Multiplying both sides of Equation (20) by p (c pk , ) p (c pk , )( 2 -2 ) and integrating in a quarter of the ellipsoid volume, it is obtained: 
where the integration and the sum operations were exchanged.
Considering that the integration in Equation (20) can be made term by term, and the orthogonality of the functions, the unique term in the right side that supply an integral that´s different from zero, is the term with m=p. For m=p, the result is: where the denominator is the norm of ( m m )( 2 -2 ).
Defining the following dimensionless parameters: 25) where the denominator is the total solid volume in the prolate spherical coordinate system.
RESULTS AND DISCUSSIONS
As application, the methodology was used to predict the drying kinetics and moisture content distribution of a prolate spheroid with aspect ratio L 2 /L 1 =2.0 and Bi=1.0. Table 1 . It can be observed that the acquirement of this analytical solution requires a very hard work and an excessive number of computational work hours, besides its comparison with the numerical solution that's given by Lima (1999) and Lima & Nebra (2000) . Some obtained results with the computational code for given conditions were exhaustively compared with the supplied results in works of Flammer (1957) , Haji-Sheikh & Sparrow (1966) , Stratton et al. (1941) , and Abramowitz & Stegun (1972) . The given values in the Table 1 can be used to reproduce the results that are shown in this work and to help investigators to validate computational codes in future works.
Results of this work were compared with numerical results for an ellipsoid (L 2 /L 1 =1.1), with Bi infinite given by Haji-Sheikh & Sparrow (1966) to validate the mathematical model Figure 3 shows the comparison between the concentration ratio at the center and focal point of a prolate spheroid as a function of Fo that's defined as Fo=Dt/L 1 2 . Almost complete concordance exists between the results, like can be observed. Figure 4 shows the comparison between the average moisture content as a function of Fourier number during the drying process for a prolate spheroid with aspect ratio L 2 /L 1 =2.0 and Bi=1.0, which was obtained in this work and numerical results that were reported by Lima (1999) and Lima & Nebra (2000) . , ), what indicates indicating that the moisture flux occurs from center to the surface. The strong moisture content dependence with the radial and angular coordinates it can be also observed. The concentration dependence with the angular coordinate is slightly larger than its dependence with the radial coordinate. In this case, the dimensionless moisture content is decreasing with the increase of , for all values of Fo. It is verified that the moisture content gradients are high, except the ones for the regions near the center of the body. It is verified that the surfaces of and constant, are not spherical, but they present approximately an elliptical behaviour.
It is verified that the concentration ratio decreases faster in the extremity of the z-axis (z=L 2 ). This effect decays to the end of y-axis (z=L 1 ). This behaviour occurs in all types of ellipsoids, and it increases proportionally to the aspect ratio. In order, the behaviour of the moisture content with the angular coordinate is different from a sphere (L 2 /L 1 =1.0), where symmetry exists relative to this coordinate. This difference will increase with the increase L 2 /L 1 . The results for ellipsoid, calculated with the coefficients shown in Table 1 , present a small error for any Fourier's number. This difference can be attributed to the instability of the Bessel functions for small Fourier's numbers, and to the successive approximation of the presented method here. This last problem can be solved using a higher number of terms in the determination of the coefficients. Some others results are noted: the moisture content strongly depends on the Fo and the equilibrium moisture content is achieved at Fo 5.0.
CONCLUSIONS
The present theory was applied to an ellipsoid with L 2 /L 1 =2.0 treated here as an application of the general method. It indicates that the method can be solved directly by use of the Equation (24) and (25), with determined the eigenvalues and spherical coefficients. The method does not require any particular geometry form in study changing from sphere to cylinder besides ellipsoids of revolution. The analytical solution presented here can be used to obtain results that describe the transient phenomena, in particular, moisture content distribution and drying kinetics, in bodies with spherical, cylindrical and elliptical geometries, considering the diffusion coefficient constant and the mass diffusion as sole mechanism of moisture migration. As obtained the solution is referred to the case with convective boundary condition at the surface, it can be used to validate numerical solutions, which can be extended to cases with less restrictive conditions.
The mean value of moisture content is particularly useful when the model is used to determine the diffusion coefficient from drying kinetic experimental data. The used dimensionless coordinates, moisture ratio and Fourier's number, were adequate to get general results, to be applied to any case of heat or mass transfer. The moisture content is strongly influenced by the Fourier's number in any position in the interior of the spheroid. The equilibrium moisture content is approached, at any point of the body, to Fo=Dt/L 1 2 5.0 (L 2 /L 1 =2.0 and Bi=1.0) according to the results reported in the literature. The dimensionless moisture content decreases faster in the extremity of the z axis (z=L 2 ) what and decays to the end of y axis (z=L 1 ) indicates that the regions near the z=L 2 dry first.
